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Abstract

This is a brief review of the paper [14]. The Nelson Hamiltonian can be
realized as a self-adjoint operator defined on the Hilbert space L?*(R?) @ F. It
is shown that the strictly positive ground state ¢, of the Nelson Hamiltonian

1
(—§A+V)®]1+]1®Hf+¢
with external potential V (z) = |z|*" satisfies that

Cre @2l < lpg(z)]lF < Ce~Calel™ g z e RY

with some constants C,C5,C3 and C4. The upper bound mentioned above is
shown in e.g. [IH, Section 2.9.1]. The main contribution of this article is to
give the lower bound.

1 Heuristic discussions

In general significant localizations in quantum field theory include boson number
localizations, Gaussian dominations on ¢ and spatial localizations on z. Let ¥ be a
bound state of a Hamiltonian H, i.e., HV = EWV. WV is a function of field variable
¢, spatial variable x and the number of bosons n. Hence it should be written as
U = U(z,p,n). We expect that

U(x,p,n) ~ e’¢’2, U(x,p,n) ~ e"x'm, U(x,p,n) ~ e P,

The precise meaning of these are given in e.g., [[1, Section 5] for the localization on z,
and [9, Sections 4.2.1 and 4.4.1] for those of ¢ and n. In this article we are concerned

with localizations on spatial variable x.
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We begin with a heuristic discussion of the spatial decay of bound states of
Schrodinger operators. It is well known that bound states of the harmonic oscillator

1, 1
hose = —= A + = |z?
58+ 5l

are of the form f,(z) = H,(z)e*"/2 with the nth-degree Hermite polynomial H,,(x).
Hence
P
fla)~ e
as || — oo. Let us consider more general cases. We consider the one-dimensional
Schrodinger operator of the form

1
h= =3+ [

Let f be a bound state of h such that

hf=Ef.

Substituting f(x) = e~ in the above identity, we see that
1
—5(mm = Dz|"7 +m? ") f(2) + 2" = ET.

By the dominant part of the left-hand side, —im?|z|[*™~2 + |z|*", we conclude that

m=mn-+1 and
Fla) ~ el

An alternative heuristic argument used by a path measure is given below. By the
identity f = e *"=F) f for t > 0 and the Feynman-Kac formula we see that

(9:f) = (g, "B ) = ' / G(z)Ele™ b VEADUEF(B, 4 g)dz,  (11)
R

where (B;);>0 is Brownian motion on a probability space (27,8, W) and E[...| =
f o - - YV denotes the expectation. Then we have

f(.%) _ 6tEE[€— I V(Bs-i-:c)de(Bt + IL’)] (1.2)

for any ¢ > 0. We define the subset of 27: A = {w € 2" | supy<,«; |Bs(w)| > a}.
Hence
Wo(z) =inf{V(y+2x) | ly| <a} < Oi<m;V(Bs(w) + )



for w € A°. The crucial point is that W, (z) is a deterministic function. Dividing the
expectation on the right-hand side of (I2) as E[...] = E[l4...] + E[l4¢...] we have

F(x) < e flloo (E[A] + E[Lgee™]).

Set a = |z|/2. Roughly speaking we see that by Levy’s maximal inequality

2
V21t Jjzty[>al/2

E[l4] < e WPty ~ TP (1.3)

and
E[ﬂAce—tW\w\/z(ﬂC)] — ]E[I[Ac]e—tw\wz(w} < e~ Wiz 2(2) e—tll’\%_ (1.4)

Setting ¢ = |z|* and comparing ([=3) and (I4) we see that 2 — o = 2n + a. Hence
o = —n+ 1 and we conclude that f(z) ~ e 1"

These heuristic arguments have been established rigorously in [3] for more general
V' and dimensions. We extend this to a model in QFT in this article.

2 Nelson model with Kato-class potentials

2.1 Definition

Although in [I4] general cases are investigated, only a special case is discussed in
this article for the readers convenient. The Nelson model [[7] describes a linear
interaction between non-relativistic spinless nucleons and scalar mesons, and the non-
relativistic particles are governed by a Schrodinger operator. Without going into
physical interpretation we mainly discuss a mathematical technique in this article.
Let

Hy =H, @ 1+ 1® H; + ¢(o(- — x))

be the Nelson Hamiltonian with ultraviolet cutoff function ¢ = (¢//w)¥ € L*(R%)."
Hy is defined on the Hilbert space

H=L*RY)® F.

1 f denotes the Fourier transform of f € L2(R%) defined by f(k) = (2r)~ %2 Jpa f(@)e~*oda,
and f the inverse Fourier transform of f.



Here F = L?*(Q) be the L2-space over a probability space (Q,%,u). ¢(f) is the
Gaussian random variable indexed by real-valued function f € L*(R?) on (Q, X, u)
such that

1
[ otnan=0. [ otriotorin= 55 0)es,
Hy = dI'(w) is the free field Hamiltonian defined by the differential second quantiza-
tion of @ = w(—iV) in L?(RY). Here w(k) = /|k|? + v2 with v > 0. Finally
1

denotes the d-dimensional Schrodinger operator with external potential V. We assume
that V' is a Kato-decomposable potential defined below.

(1) V:R% — R is a Kato-class potential whenever

ingsuy [ ot =V )ly =0
Br(x

r—0 rERd

holds, where B, (z) is the closed ball of radius r centered at x, and

|z, d=1,
g(z) = —loglz|, d=2,
2|4, d > 3.

We denote this linear space by K(R?).
(2) V € Kioe(R?) if and only if 15V € K(R?) for a compact set K C R<.

(3) V is Kato-decomposable whenever V(z) = Vi (x) — V_(z) with Vi(z) > 0 for
r € R4 and V, € Kjoo(R?) and V_ € K(RY).

Throughout we assume that ¢/y/w,$/w € L*(R?) and ¢(k) = ¢(k). Hence we see
that Hy is symmetric and ¢ is relatively bounded with respect to —%A @1+ 1® Hs.

Remark 2.1 In the Fock representation ¢(@(- — x)) and Hy are given by
(- — 1)) = L CLT efikx@ a eikm@
oot =) = = [ (e 2 4 atiye= 203 ) ar,
Hy = / w(k)a' (k)a(k)dk.

Here a'(k) and a(k) denote the creation operator and the annihilation operator sat-
isfying [a'(k),a(k)] = 6(k — K').



The ultraviolet cutoff ¢ of the Nelson model can be renormalized. This has been
done in [I'7, 0X, 7, B]. The existence of the ground state of the Nelson Hamiltonian
with/without cutoffs is established. See [, &, 19] for one with cutoff and [I0, 18] for
without cutoff. We also refer to [I2] for a comprehensive summary on ground states
of related models. We discuss the Nelson Hamiltonian with cutoffs in this article.

2.2 Feynman-Kac type formula

Let (Qg, XE, tr) be a probability space, and ¢g(f) Gaussian random variables on it
with f € L2(R4). Tt satisfies that

¢r(f)dup =0, ou(f)op(g)dus = %(f, 9) L2 Rty
QF QF

Let Fg = L*(Qg). To construct a functional integral representation of (F,e "NG)

we introduce isometries J; connecting F and the Euclidean field Fg. Let
je o P(RY) — LA(RM)
be the family of isometries and
Ji=T0) : F = Fg

the second quantization of j;. J; is an isometry from F to Fg. It satisfies that

ks —|t—s|@
JtlJs = €

* —|T—S8 H

for any t,s € R. We identify H with L?(R? x Q, dx ® du). See Figure 0.

Let (B;);>0 be d-dimensional Brownian motion starting at z € R? on a probability
space (27, B,W") and we write E*[.. ] = Epe=[...] = [, ...dW?". It is immediate to
see that

(F, e tHp®IHISH:) Gy — / E*[e~Jo V(B)ds(F(By), J:3,G(B,)) #)dz.

R4

We give a remark on notations above. (F(By), J§J:G(B;))r denotes the inner product
of F(By) and J{J:G(B;). Here F,G € H and F(By(w)),G(Bi(w)) € F for each



w € 2 under the identification H = L*(R%; F). Le., F = F(-) € H is an F-valued
L?- function such that [|F||3, = [p. ||[F(x)]/%dz. We set

Loy = J(’;e*(ﬁE(fot.]ISSZ’('*Bs)ds)Jt_ (2.1)

Note that L4 : F — F, but it is not clear if Iy, is bounded. We shall show that
Lo,y is bounded. The following estimate is established in [I3]

t, . R A
ool < VBexn { Zhofwll + 26 v DIGAVEIR + lofel) ). (22)
Under the extra assumption ||¢/w/?|| < oo it holds that

Lo < V2exp(tE($)), (2.3)

where 5 .
Bp) = max { S/l + 102, S0l + 1o 1|
In particular we have
(W, L. @) 7| < Col| V| 2| 2] 7,
where Cj; is given by the right-hand side of (22) or (23).
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Figure 1: Second quantization I', Euclidean field Fr and isometries J;

Proposition 2.2 Let V' be Kato-decomposable. Then there exists the unique strongly
continuous one-parameter semi-group Sy such that

(F, $,G )y = / E*[e= 8 VB (F(By), 100 G(By)) £l (2.4)

Rd



By the version of Stone’s theorem for semi-group there exists the self-adjoint operator
bounded from below Hy such that

Sy =e Nt >0, (2.5)

The self-adjoint Nelson Hamiltonian Hy with Kato-decomposable potential V' is de-
fined by (E33).

Remark 2.3 If V satisfies that
1
IVl < all = 5070+

with @ < 1, then Hy is self-adjoint on D(—A ® 1) N D(1 ® Hy). This is due to
Kato-Rellich theorem. To define Hy with Kato-decomposable V' it is standard to use
Feynman-Kac type formula. See [8].

3 Spatial decay of the ground state

3.1 Positivity and spatial continuity of the ground state
Let ¢, be the ground state of Hy such that
Hypg = Epg,
where FE is the infimum of the spectrum of Hy.
Lemma 3.1 Let U € F. Then
(U, pg(2)) 7 = PR [e o VB (W 1 0p(B)) 5] aex € RE (3.1)

—t(Hy—E)

Proof: From the identity ¢, = e g wWe have

(f @ Upn=e" | J@E e iV O (0 Loy (B)sde
R

for any f € C°(RY). Then we have (BI). O

Lemma 3.2 There exist constants C' > 0 and b > 0 such that
lpg(x)|l7 < t=Y*CCH ()" gl aex

for any t > 0. In particular ||og(-)||7 € L>®(R?) and there exists C > 0 independent
of we Z and x € R? such that ||Loee(Be)|| < C.



Proof: By @g(z) = eZE=[e~Jo VBT oo (B,)] we have
¢ 1/2
les(@)lr < eFCa(1) (Bl 2 VEM]) ™ (B[l (B)12)°

Since B[l gy(B)II2) = (2n6) 2 [0 /2 |, (y) |2dy < C/2] g, ][%, and Kato -
decomposable potential V' implies that

E* [efzfg V(Bs)ds] < veﬁt

with some v and 3, we have the lemma. |

From (24) we see that e "N for ¢ > 0 is positivity improving. Then the ground
state g is strictly positive in L*(R?x Q). Namely pq(z, ¢) > 0 for (z,¢) € (R?xQ)\N
with some null set N. Let U € F and t > 0 we define pg(x) = py(z,t) by

Py (x) _ 6tEE:p[€f fot V(BS)dS(\I/, I(O,t)gpg<Bt))]:]'

We remark that ¢, is a vector in L*(R? x ). Hence it is meaningless to consider
pg() for every z € R%. The next lemma is a key lemma to show the lower bound of
|0g(x)]| 7. We mention it without proofs.

Lemma 3.3 ([4]) Suppose that V is Kato-decomposable. (1) Let W € F. Then
pw(x) is continuous in x. (2) Let W € F be non-negative and ¥ # 0. Then py(x) > 0
for all x € RY.

3.2 Lower bound of spatial decay

For simplicity we assume that 0 < V' is Kato-decomposable and V (z) < 7|z|*" outside
a compact set in R?. For any compact set K C R? and non-negative ¥ € F from
Lemma B3 there exists €y such that inf,cx py(z) > ex. We prepare some estimate
of probabilities of sets of paths. Let

P(a,c,d],t) ={w e Z | sup |Bs(w)| < a, B{(w) € [c,d]}.

0<s<t

It is well known in e.g. [2, p.174, 1.15.8] that

W(P(a, e, d), 1)) & /[ d] S (—1)Fexp (-%) d.  (32)



Note that

i _ (u—2ka)
exp 57 00
k=—00
for any u, and
00 _9 2
/ Z exp (—M> du < 0.
led] .S 2t

Proposition 3.4 ([3]) Suppose that a > 0, o > 0 and t > 0 satisfy that « < a/2
and a*/t > 3. Here 3 is the unique positive solution & of the equation

675/2 . (67255/8 T 6795/8 T 671695/8) = 0.

Then for any x € [—(a — a),a — @

W(P(a, [z — o,z + al,t)) > Mf(?)e_ﬁ.

Proof: This is a minor modification of [3, Lemma 2.1]. z € [—(a — a),a — a is
equivalent to [z — a,z + a] C [—a,a]. Let

M/m ) kZ " exp (-W) du.

We can see that g(z) = g(—z). We suppose that = € [0,a — «]. Let

f(x) = W(P(a, [,z + a],t)) \/ﬁf Z k exp (-W) du.

We have g(x) > f(z). Since f'(z) <0, f is a monotonously decreasing function and
fl@) > fla—a)> o= [ 3700 (= 1)kexp< M) du. We have

[.2

g(x) =W(P(a,[r — o,z + af,

exp ( W) du > o (67;7i + fe(aat) - fO(a?t>) ’

o k——oo
where

o= ¥ fm= ¥ e (-2,

m#0,meZ m#0,meZ

)= 3 ) = S enp (-5,

meZ mEZ



We see that f.(—m) — fo(m 4+ 1) > 0 for m > 1, and f.(m) — fo(—m — 1) > 0 for
m > 1. Hence we have

[.X

a2
Set € = a?/t. e % — f,(0) — f,(1) — fo(—1) = e7&/2 — (e7258/8 4 ¢7%/8 4 =169/8)
Then the lemma is proven. |

k exp ( %) du> a (e% = £0) = fo(1) = £o(-1) .

X k=—00

Lemma 3.5 Let K C R? be compact. Then there exists ex > 0 such that

1 t t 1/2
inf (1, Loz pe(Bi+x)) > ek exp (—— (/ ds/ W(s—r, Bs — Br)dr) My |.
K €K 0 0

Bt+r€

Here My, = sup,cga ||0g(2)|| 7.

Proof: Let P(A) = + [, Jupe(Bi)dpg, A € Bg, be a probability measure on (Qg, Xg),
where N = fQE Jipe(By)dpg is the normalizing constant. By Jensen’s inequality we

have
1, e=#eUois?(=B)ds) ], (B
(H,I(O,t)@g(Bt»]—‘ _ N( ~ 1Pa(Bt)) 7
> Ne—(qﬁE(f(fjs@('—Bs)dS)thSOg(Bt))/N‘
We have
¢ 1/2
’(¢E(/js¢(._38)d),¢g3t>‘ </ ds/W B, — B)d> M.,
0
where e
W(t,X):/ o(k)| o ltlw(R) =ik X .
Rd QW(k)
and we used infp, yer (1, Jypg (B + x)) 7, > €x. Then the proof is complete. O

Lemma 3.6 Suppose that ay ...,aq, aq,...,aq, by..., by and t satisfy that a?/t > [,
a;j/2 > o and |[—a;j, a;] N [—x; — bj, —x; + bj]| > 2a;. Then

a

‘w.m

I~
&

2
S o Wal@) B o1/l Mac ek H (%)e
p]l(x) = € € \/ﬁf t

where Wo(x) =sup{V (y) | ly; —zj| <a;, j=1,...,d}.



Proof: Let A = NY_, P(a;, [~b; — x;,b; — x;],t). By Proposition B4 we see that for
aj < a;/2 and a3/t > 3

a?
_%
2

a2
_J
t

d
W(N_, P(a, [kj, k; + 2a], H

for any k; € [—aj,a;]. By the assumption there exists k; € [—a;,a;] such that
\kj, kj +2a] C [=b; — xj,b; — z;]. We have

W(A) > W(NL, P(a, [k;, k; + 20, H ; B (3.3)

and

t t
/ ds/ W(s —r,Bs — B,)dr < t||¢/wl]|
0 0

uniformly in paths. Notice that fot V(Bs(w) + x)ds < tW,(z) for any w € A. We see
that
p1(z) > R [1 e Jo VEtBadsg  o—tlo/wlMeo/ex)

> etEeftWa(I)EKeftH@/UJ“Moo/EKW(ﬂ?zlP(a’ [k, k; + 20, 1)).

|

Theorem 3.7 Let V(z) < v|x[*™ outside K = [— Ky, Ki|x- - X[ Kgq, K] withy > 0
and m > 1. Then there exist constants o, D > 0 such that ||gpg( z)|| 7 > De 0™ for
almost everywhere x € R,

Proof: Since sup,cpa ||¢g(x)|| 7 < oo it suffices to show for large enough |z|. We also
have

g (@) |7 > pa(z)

for almost everywhere x € R?. Hence it is sufficient to estimate pq(z) from below.
We set t = ||~V a; = (1+]z]), oy =1/2, and b; = 1 for j =1,...,d. It can be
seen that a2/t = (1 + |z;])?/|z|~"Y > 8, a;/2 = (1 + |z;])/2 > 1/2 = o; and

|[=aj, a;] N [=x; —bj, —x; + bj]| = |[—|;] = 1, || + 1N [=z; = 1, —2; + 1] > 1 = 20
for x € K¢. The assumptions in Lemma B4 is satisfied. Note that

Wa(z) =sup{V(y) | ly; — zj| <1+ |a5],5 =1,...,d} <™z



with some constant ¢ and we see that tW,(z) < C|z|™ .. We have

— log(pa(7))
N d 2 2
|¢/w|| Mo o a4 5a;
< tW,(z) — tE + e — 1 R PN
< tWa(x) + - 0gER ;:1 8 5o + og(8 ; )
_p 4 leselr LN
< (4¢)?™ |z + K _Joger — lo ( )

d d
9, e 5 .
+ g lal D (1+2|a:j|+|xj|2)—§:1og(§(|xj|+1)2|x|< D _ )
j=1

j=1

< |zt ((40)2’”7 + gd - gd]x\_Q + Zd\x]_1> + |x’mjK +log(2V2m /e )?
< dla|™ + D,
where

9. .9 9
0 = (4e)™"y + gd + Sd(V|K|) 7 + (V| K]) 7,

8
4 Lol
D = K 1 log(2V2n Jek )%,

(VK [)m

From which we obtain py(z) > e~ Doz O

4 Concluding remarks

Although to consider decay properties of bound state itself is very interesting, it is
also technically significant to consider the spectrum of Hamiltonians appearing in
quantum field theory. Several applications of the decay properties of bound states
are found in [I3] and references therein.

In [14] the Nelson model with not only confining potentials but also decaying
potentials is studied. Furthermore the Nelson model with the relativistic kinematic
term

(V-A4+m?2—m+V)1+1® Hi+ ¢ (4.1)

is investigated. The order of the spatial decay differs depending on if massless m =0
or massive m > 0. In particular in the case of V(z) — 0 as |z| — oo and m = 0, it



can be show that

< C
g (@)l 7 < W.
In [0 the spatial decay of the relativistic Pauli-Fierz model in quantum electrody-
namics
V(=VeT—A@)24+m2—m+Ve1+1® Hug (4.2)

is also studied. Here A(z) denotes the quantized radiation field given by

) = e . CLT ~€—ikmM a . eikzM
A.u( )_]21’2/ H(M7]) ( (k7]> \/m+ <k7]) \/m) dk

and H,.q the free field Hamiltonian
Hrad - Z /‘k|aT(k7j)a(k7]>dk
j=1,2

Let H,f = E'f. Then
X, = etPe™ I V(BS—I—:v)de(Bt + )

becomes a martingale for each z € RY, i.e., E[X; | F,] = X, for the natural filtration

of Brownian motion. Hence X;,, is also a martingale for any stopping time 7, and
f(z) = E[Xo] = E[X;nr] = E[X]

can be derived. From this equality we can estimate f(z) by choosing an appropriate
stopping time depending on V. This was done in [d] for bound states for the relativistic
Schrodinger operator. To study (E) and (E=2) a similar martingale argument can be
applied.
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